
E�cient Full-Wave Simulation in Layered, Lossy MediaSharad Kapur� David E. Long� Jinsong Zhaoy� Bell Laboratories, Lucent Technologies, Murray Hill, NJ 07974y University of California, Santa Cruz, CA 95064AbstractWe describe a fast integral equation-based method forfull-wave extraction in layered media. The method usesa combination of the fast integral equation solver IES3,layered Green's functions, and a formulation that givesa well-conditioned linear system even in the \electrically-small" regime (i.e., when circuit structures are a fractionof the wavelength of light). The overall approach givesO(N logN) complexity, where N is the number of panelsin a discretization of the conductor surfaces. We applyour method to the simulation of an integrated inductor ona lossy CMOS substrate and compare the results to mea-surement. I. IntroductionExtraction and simulation of passive components play asigni�cant role in the design of modern RF ICs. Increasingfrequencies have made \full-wave" simulation critical forcomponents that may be operated near resonance. Gen-eral purpose �eld solvers based on �nite-di�erence or �nite-element schemes (e.g., Ansoft and HP-HFSS) can be used.However, they require volume discretization, resulting inlarge computation time and memory use, and it is di�cultto enforce radiating boundary conditions for open regions.Simulation tools based on layered media integral equationformulations (such as HP-Momentum and Sonnet) are pop-ular in the microwave and antenna communities. However,these tools employ direct solution methods which restrictsthem to small problems. In addition, the formulations thatthey are based on become ill-conditioned at lower frequen-cies, resulting in numeric di�culties. More recently, anintegral equation formulation was combined with the pre-corrected FFT method for the e�cient solution of electro-magnetic problems [9]. While the algorithm is fast, it islikely to be applicable only to electrically large structures.More importantly, since it has not been combined with alayered media Green's function, it does not capture dielec-tric variation in the layers and loss in the substrate.In this paper we present a general purpose full-wave elec-tromagnetic analysis tool for the rapid simulation of passivestructures in layered, lossy media. An integral equation for-mulation is used whereby all layered e�ects are capturedby Green's functions [7], [8], [14]. A Galerkin-like schemeis used with basis functions that are composed of linearsubsectional rooftop functions [10]. Ill-conditioning at lowfrequencies is avoided by choosing an appropriate mix ofcurl-free and divergence-free basis functions. The goodconditioning, together with the fact that typical Green'sfunctions vary smoothly with distance, are exploited us-

ing the fast integral equation solver IES3 [6]. The result isan e�cient algorithm for full-wave extraction. For typicalproblems, IES3-based full-wave simulation is only about�ve times slower than IES3-based capacitance extractionfor the same structure. We demonstrate the speed and ac-curacy of our approach by simulating an integrated induc-tor on a lossy CMOS substrate and comparing the resultsto measurement. II. FormulationFor the purposes of this paper, we will assume a \two-and-a-half dimensional" setup, with thin conductors char-acterized by a surface conductivity �. If we assume a time-harmonic steady-state solution, then in frequency domain,the electric �eld E is expressed in terms of the vector po-tential A and the scalar potential �:E(r) = Einc(r)� j!A(r) �r�(r): (1)Einc is an incident (stimulus) �eld. The vector and scalarpotentials are obtained by integrating over the conductorsurfaces: A(r) = ZSGA(r; r0)J(r0)dS0; (2)and �(r) = ZS G�(r; r0)�(r0)dS0: (3)J is the surface current density, � is the surface charge den-sity, GA is the (dyadic) vector potential Green's function,and G� is the scalar potential Green's function. In freespace GA(r; r0) = �04� e�j!jr�r0j=cjr� r0j I (4)G�(r; r0) = 14��0 e�j!jr�r0j=cjr� r0j ; (5)where c is the speed of light and �0 and �0 are the permit-tivity and permeability of vacuum. In a layered medium,analytic expressions for the Green's functions do not exist.However, there are a number of numerical approaches forcomputing them [7], [8], [14]. The layered media Green'sfunctions are brie
y discussed in Section IV. The currentdensity J is related to the charge density � byrS � J(r) + j!�(r) = 0: (6)At the surface of a conductor, the current density is givenby E = J=�. Combining this relation with Equation (1)yields J(r)� = Einc(r) � j!A(r)�r�(r): (7)



Equations (7) and (6) are used to solve for the current J.For the numerical solution of the equations, the structureis discretized into triangular elements [12], and a method ofmoments Galerkin-type scheme is used [4]. The individualbasis functions are composed of Rao-Wilton-Glisson sub-sectional rooftop functions [10]. In their formulation, pairsof rooftop functions are used to represent the current 
owacross each interior edge in the discretization. At highfrequencies this gives good results, but there are seriousill-conditioning problems at low frequencies. (By low fre-quency, we mean that the size of the structure is a smallfraction of a wavelength.) This fact has been noticed by anumber of authors [2], [8], [13]. The ill-conditioning arisesbecause the scalar potential � becomes numerically domi-nant at low frequencies. Without special precautions, thevector potential contributions are swamped, and invert-ing the matrix would require reconstructing J only fromits divergence. While this ill-conditioning causes a loss ofaccuracy for direct factorization methods, for typical fre-quencies of interest in RF IC applications it is usually notfatal. However, it obviates the use of iterative methods,since their performance is strongly dependent on the con-ditioning of the linear system.In order to avoid this ill-conditioning, we adopt a setof basis functions that decompose the current density intodivergence-free and curl-free parts. This approach is simi-lar to that taken by other authors [8], [13]. The divergence-free basis functions represent current loops. Hence they donot contribute to the scalar potential, and they are not af-fected by it. As a result, the linear system decouples at lowfrequencies, with the equations corresponding to the loopsrepresenting a magnetostatic problem. The basis functionsare generated by �rst constructing a graph G whose nodesare elements of the discretization and whose edges repre-sent connections between elements. We then �nd a span-ning tree T and a cycle basis C [5] for G. The curl-freebasis functions are composed of pairs of rooftop functionsthat represent current 
ow across edges in T . Each loop inC gives rise to a divergence-free basis function. Expandingthe current J using the basis functions and testing againstthe same functions in the standard fashion [4], [13] givesa linear system Bx = s, where x is the vector of basisfunction coe�cients and s is the stimulus.III. Rapid Matrix SolutionDirect solution of the linear system Bx = s via Gaus-sian Elimination requires O(N2) storage and O(N3) time,where N is the dimension of B. This is the approachused by conventional tools like HP-Momentum and Son-net. However, the cubic complexity makes this approachimpractical for large problems. By formulating the problemwith separate curl-free and divergence-free components, thecondition number is small and grows slowly with prob-lem size. Hence, Krylov-subspace iterative schemes suchas GMRES [11] or QMR [3] can be used. Iterative solversrequire application of the matrix B to a sequence of re-cursively generated vectors. The dominant costs becomethe O(N2) time and space required for constructing and

storing the matrix and the O(N2) time required for eachmatrix-vector product. While this is already an improve-ment over direct factorization, the storage and computa-tional cost is still excessive. Each of these costs can bereduced to O(N logN) for typical problems using the fastintegral equation solver IES3 [6].The key idea behind IES3 is to exploit the fact thattypical Green's functions vary smoothly with distance.Consequently, large parts of the matrix B are numeri-cally low-rank. These low-rank regions are represented assparse outer products using the singular value decompo-sition (SVD). The SVD is an extremely e�ective tool forthe compression of rank de�cient matrices. Based on thisobservation, Kapur and Long [6] describe a scheme for re-cursively partitioning, sampling and compressing the ma-trix. Figure 1 is a \rank map" of a matrix corresponding tothe inductor described in Section V. The rank map showsthe partitioning of the matrix into submatrices and therank of each submatrix. Although there are some strongo�-diagonal interactions, the rank map is typical in prob-lems where the time and memory requirements drop fromO(N2) to O(N logN).
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8Fig. 1. Rank map of a method-of-moments matrix for the inductorof Section VIV. Layered Media Green's functionsRF passive components are often fabricated in a lay-ered dielectric medium. Fortunately, layered Green's func-tions can easily be combined with the above formulationto account for dielectric layer variation and loss [1], [7],[8], [14]. Layered Green's functions decouple the processstructure from the circuit geometry and can be precom-puted, compressed and stored. Once the process variablesare �xed, the Green's functions remain unchanged for eachnew extraction. It can be shown that the spectral-domainfull-wave layered Green's function can be derived from thesolution of three decoupled one-dimensional wave equa-tions [1], [7], [14]. These one-dimensional wave equations



can be easily solved analytically. The resulting spectral-domain Green's function must then be numerically trans-formed into space domain. Details of these procedures areinvolved and can be found in the microwave literature [1],[7], [8], [14].We use the procedure described in [14] to e�ciently com-pute these space domain Green's functions. The resultsof the computation are tabulated in a database o�-line.Building the database for a given process takes a few min-utes. Evaluating a single interaction between a source andobservation pair takes about twice as long as evaluatingthe free-space Green's function for the pair.V. Experimental ResultsThe simulator has been run on a number of examples,including capacitors, inductors, and �lters on CMOS andMCM substrates. In this section, we report simulationresults for an integrated inductor on a highly conductiveCMOS substrate. The layout is shown in Figure 2. Theinductor is constructed with the top two metal layers ofthe process.

Fig. 2. CMOS inductor layoutFor measurement purposes, the inductor was connectedto a pad frame, and the same pad frame was included inthe simulation to avoid uncertainties associated with de-embedding. The pads connected to one of the inductorterminals were grounded, and the single-port S parameterlooking into the other pad was measured. This S parame-ter was converted into a complex impedance. Comparisonsbetween the simulation results and measurement are shownin Figure 3. The graphs show the magnitude and phase ofthe complex impedance, and also the ratio of imaginaryto real parts, which represents a quality factor Q for theinductor. The simulation predicts a slightly higher qualityfactor, but the discrepancy is well within the process varia-tion. (Nominal values for all process parameters were usedin the simulation.)We also examined the performance of the simulator asthe discretization level was increased. The results are showin Figure 4. These simulations were of the inductor alone(no pads) for a single frequency of 3 GHz. Discretizationsizes ranged from 1,500 elements to 11,500 elements, yield-ing matrix sizes of between 2,000 and 16,000 (the di�er-
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Fig. 3. Comparison of simulation (boxes) to measurement (lines)ence is the number of divergence-free basis functions). Thegraphs show the total CPU time and the number of nonze-ros in the compressed matrix representation. Both timeand memory scale slightly faster than linearly as the sys-tem size grows. Almost all of the time goes into build-ing the compressed matrix representation. The iterativesolve, which is preconditioned using a sparse matrix thatcaptures only the nearby interactions, required no morethan thirty iterations at any discretization level to achievea relative reduction of 104 in the norm of the residual.The smallest simulation took about four minutes, and thelargest required about �fty minutes. The total simulationtimes compare favorably to the time required for extract-ing only the parasitic capacitance of the same inductor. Atthe highest discretization level, our IES3-based capacitanceextractor [6] using the same Green's functions requires tenminutes. Note that in the full-wave case, a triangle withthree neighbors requires four integrals: one for computingthe scalar potential, and one for each edge when computingthe vector potential. Since each vector potential integralalso involves manipulating vectors rather than scalars, thefactor of �ve di�erence in time is about the best that canbe expected.
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Fig. 4. Time and memory requirementsThe convergence of Q (which is the most sensitive param-eter computed from the simulation) as the discretizationlevel is increased is shown in Figure 5. Low discretizationlevels tend to overestimate Q since current crowding e�ectsare missed.Results from the simulation can also be used to gain in-tuition about how the inductor is operating. The currentdistribution in one section of the inductor is shown in Fig-ure 6. Light areas in the �gure indicate higher currentdensity. It is clear that signi�cant current crowding occursin the innermost turn.
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Fig. 6. Current 
ow in the inductorEven though the simulation only solves for the currentdensity in the conductors, we can use the layered Green'sfunctions and Equation (1) to obtain the eddy currentsthat are induced in the conductive substrate. We do thisby computing the substrate electric �eld arising from theconductor currents and then multiplying by the substrateconductivity. A cross section of the substrate together withthe current density is shown in Figure 7. Nontrivial cur-rents penetrate the substrate to depths on the order of onehundred microns.
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Fig. 7. Cross section of substrate showing eddy currentsVI. ConclusionWe described a general purpose full-wave electromag-netic analysis tool for the simulation of passive structuresin layered, lossy media. The formulation is based on inte-
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